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Borel Summability of the Perturbation Series
in a Hierarchical A(V¢)* Model
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We prove Borel summability of the perturbation series for the dielectric constant
and the free energy density for the hierarchical A(V¢)* lattice model. Our
methods are based on nonperturbative renormalization group analysis of the
model.
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model.

1. INTRODUCTION

The question what is the exact relation of the perturbation series to the
nonperturbatively defined quantities in models of statistical mechanics and
quantum field theory is fundamental, especially in the latter case, where the
existence of the nonperturbative quantities is still to be shown in four
space-time dimensions. After the early phenomenological and theoretical
success of the renormalized perturbation calculus, some doubts arose
whether the perturbation series determines the whole structure as it was
found"? that it diverges in many interesting cases. A possible way out of
this difficulty seemed to be offered by the idea of nonconventional resum-
mation of divergent series, the Borel resummation technique being the
best-known example of such a procedure.” Since then, it has been shown
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that the perturbation series of super-renormalizable models of field theory
(like A¢* in two and three dimensions) is Borel summable.(** The study of
these models contains elements of local analysis in the phase space which
can be best systematized by the renormalization group approach.(®” In the
present paper we begin the study of the infrared counterpart of the field
theoretic (ultraviolet) problem: the Borel summability of the perturbation
theory for lattice critical models. The simplest of such models, which is
asymptotically free in infrared and in a certain sense infrared super-
renormalizable, and for which we cannot hope for convergence of the
perturbation series, is the A(V¢)* model. This model has been studied in
numerous works. 8! The analysis of("*''¥ was based on the renormal-
ization group ideas. Here, we show how these ideas may be used to prove
the Borel summability of the perturbation series in such a case. For
simplicity, we shall study a hierarchical model for which the renormaliza-
tion group tranformation becomes a recursion for the single spin potential.
We plan to deal with the full A(V¢)* model in another publication. Being
greatly simpler, the hierarchical model offers nevertheless an understanding
which is sufficient for the general case. It might also provide a new insight
into the summability problem of the infrared asymptotically free A(¢*) in
four dimensions''*!® and into the (infrared) renormalons.('®

2. DEFINITIONS AND RESULTS

The AM(V¢)* lattice model of equilibrium statistical mechanics, also
called the anharmonic crystal, is described by the Gibbs state formally
given as

'—eXp[ zum)——z w0 | o, @

Restricting ourselves to expectations expressible in terms of V,p=®
(which is necessary in d = 2), we may rewrite (2.1) as

L exp( -3 A@L) dug (@) (22)

where duc(®) stands for the Gaussian measure with mean zero and
covariance

“

G, = V(—4)"'V(x — y) (2.3)

Our hierarchical approximation,'” similar to the one introduced in Ref.
17, consists of replacing the covariance G,, by a hierarchical one G,f'y
described below, which mimics the long distance behavior of G, ,~
O(Jx ~ y|=9). For simplicity, we shall choose thy to be diagonal in the
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vector indices of ® and shall study only a single component model with the
field @, = .

Before we define G, " we need some notations. Let L be an even integer
and let for x €79, x, denote the pomt in 7Z¢ whose coordinates are the
integral parts of the coordinates of L "*x. In other words L*x, is the center
of the L¥ X - -+ X L* block to which x belongs. Choose a function 4 on
the L X - - - X L block in 7¢ centered at the origin which takes values *+ 1
and sums up to zero. Define first

rxy =A (X - L‘xl)A (uy - Ly1)8x,y|

(2.4)
T is a positive (but not strictly positive) matrix. The hierarchical covariance
G" (for a single field component) will be given as a superposition of a

hierarchy of Is taken on different length scales:

= > LT (2.5)
k=0

XYk
Notice that
Gh = O(L™%)~0(]x — y|79) (2.6)

where k 1s the first integer such that x, = y, .
In general, given a (reasonable) single spin potential v, we shall define
the perturbed state [mimicking (2.2)] by

% exp[ -3 D((I)X):l dpr (D) (2.7)
xEA
For simplicity, we shall take the finite volume region A as {x € 79: x, x,
=0}, i.e, as an L™ X - . X L™ block centered at the origin.
(2.7) is specially well suited for the renormalization group analysis.
Notice that by (2.5)

h
Gy =L “G:, +T,, , (2.8)
and by (2.4),
r,,=0 (2.9)
x : xy fixed
Decomposing
O, = L0, +Z, (2.10)

where the block spin field
o, =L 3 0, (2.11)

x : x; fixed

we casily see from (2.8) and (2.9) that if & is distributed with the measure
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dpgr then (1) so is @', (2) ®' and Z are independent so that
dpgr (D) = dpgr(®")dur(Z) (2.12)
For the perturbed state (2.7), we get the following expression:
%exp[~ S o(L ) + ZX)}dHGh((D‘)dur(Z) 2.13)
xEA

From (2.13) we easily read off the effective state for the block spin field ®'.
It is given by

%,—fexp{—ngv(Ld/2®}(l+ zx)}dur(Z)d,LGh(qﬂ) (2.14)

The crucial simplification of the hierarchical model consists in making the
fluctuation measure du(Z) local over L X - - - X L blocks (in the case of
the full model we would have coupling of different blocks by exponentially
decaying tail terms). Thus (2.14) may be written in the same form as (2.7):

% exp{ - x%:Alul(d)i])} dpgr (D) (2.15)
where A, = {y €7%:y, v,_, =0} and
exp[ - vl(d)l])] = constfex’p( - 3 oLl + Zx)}duF(Z)

x @ xp fixed
(2.16)

Using the specific form (2.4) of I and choosing the constant in (2.16) so
that v,(0) = 0, we may rewrite it as

exp[—ol(q))]
_ Jexp[ —(1/2)LZ , o(L™%@ = 2) = (1/2)2°][dz/(2m)'*]
fexp[ =(1/2)L9S . v(£2) — (1/2)z2] [dz/(2w)l/2]

(2.17)

Hence the renormalization group approach reduces the study of the mass-
less state (2.7) to the analysis of iterations of the recursion (2.17) for single
spin potential. For the partition function

Z\v)= [ exp[~ D v(d)x)]duch(d)) (2.18)
xEA
the same approach gives immediately the recursion
A
_ _1l,a 1.2 dz
Zy(v) = [fexp{ 3 LSo(xs) - 32 }——-—(277)1/2} Zy(v) (219)

In Ref. 15 we have shown that for a large class of small even v’s the
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subsequent iterations v, converge to v (¢) = (1/2)L "“(e,, — 1)¢* €, has
an interpretation of the dielectric constant as on long distances the infinite-
volume two-point function {®.® > becomes e;'G)fy; see Ref. 15. In the
same case the free energy density f,, is given by

fo=— lim IAL]long(o)

A=
- _ i [ dk+ )
=0 »
x 1 ~ Ly (z)— L2z 220
ngexp': Uk(z) b z (277)1/2 ( )

as easily follows from (2.19).

In the present paper, we shall consider the initial potential v depending
on the parameter A [e.g., v,(¢) = A¢*] and study the Borel summability of
the perturbation expansion in powers of A for the free energy density f. (A)
and the dielectric constant €_(A). The results may be easily generalized to
the infinite-volume correlation functions.

We shall make use of the Nevanlinna—-Sokal (N-S) theorem, which
establishes conditions under which a complex function f(A) is equal to the
Borel sum g(\) of its asymptotic Taylor series..'® So let 3%°_,a,A" be a
formal power series. We say that it is Borel summable in a domain C, if

(a) B() =3 ,a,t"/ul converges in some circle |¢| < §.

(b) B(?) has an analytic continuation to a neighborhood of the
positive real axis.

() For A€ C, g(\) = (1/A)[&e™"/*B(#)dt converges (not necessarily
absolutely).

B(1) is called the Borel transform of the series > 7_,2,A" and g(A) is its
Borel sum.

Now suppose that f(A) is analytic in

= - l _1_
CRW{}\.RC)\>R} 221
R > 0 (see Fig. 1) and that
N1
fA)= > aX"+ Ry(\) (2.22)
n=0
with
[Ry (M) < Ac™NTAJY (2.23)

uniformly in ¥ and in A € Cy.

The N-S theorem asserts that the series 3 _,a,A" is Borel summable
in Cg and that f(A) = g(A) there. Applying this theorem, we shall obtain the
following.
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Fig. 1.

The Main Result: Suppose that L is big enough. If v(¢) = A¢* then
there exists R > 0 such that the infinite-volume dielectric constant €_(A)
and the free energy density f_(A) are analytic in C, and equal there to the
Borel sums of their perturbative expansions.

3. INDUCTIVE RENORMALIZATION GROUP ANALYSIS

Our strategy is to establish the convergence of the iterates v, of
transformation (2.17) to a fixed point (this has been done in Ref. 15) and to
prove the estimates of the type of (2.23) for each v,. This requires some
additional work.

Let us consider the Boltzmann factors depending on A € C, for some
R >0

gn(®) = e @ (3.1)
with
0,(¢) =1L 7 (e, — 1)o* + T,(¢) (32)
5.0) = 2 5,0) = |
vn(O) = 8¢2 ,,(0) 0 (3 3)
£.(9) = g.(®)exp[ 1L 7(¢, = 1)o?] (3.4)

We assume inductively that
(4,): £,(¢) is analytic in ¢ in the strip [Im¢| < (1, + n)* and in A in
Cyr and satisfies there the estimate

| (@) < Crimtes#, m=0,1, (35)
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(B,): For |o| < (ny+ n), g,(¢) = e ** for v, analytic in ¢ and in
A € Cyg. ¢, and ¢, as given by (2) and (3) satisfy

A (- 1)‘ < E,Cr(m!) (3.6)

k(@) < mCremty (37)

Proposition 1. Fix some 0<§ <1 and set 5, =08""", «, =
wol k=1l 1+(”0+k)_3/2] C, = Coll% =il 1+(”0+k)—3/2], E, =
S"O/ZH”_l L+ (ng+ k)~ 3/2], Suppose that L > L(8), 0 < k, < (8, L) 1

> (8, L, k), Co > Co(8, L,kg,n,), and R < R(8, L, kg, 1y, Cp). Then (4,),
(Bn) fOI' gn lmphes (An+l) (Bn+1) fOI' gn+l

Notice that if one considers the conditions (4,), (B,) for m = 0 only
then Proposition 1 essentially coincides with the result of Ref. 15, which
shows the convergence of v,’s to a Gaussian fixed point.

In the proof of Proposition 1, we shall keep using the following simple
result:

Lemma 1. Suppose that 4 is an analytic function of A in some
domain and that

‘d}\mh’ <Am’C",  CA>0, m=0,1,... (3.8)
Then for any integer k& > 0,
dr m +h—1
< At (m!)z(’”k_1 ) (3.9)

and for any function f(u) analytic for [u| < R;, R;> A4, bounded there by
C; and vanishing at zero,

«— 9 (—C ) om 3.10
Fih < I—ar" (1 AR“)(m) (-19)

Proof of Lemma 1.

{dmhk

k
Loh< R R T [Acm(mty] (3.11)

<Aakcm(my S 1=AkC”'(m!)2(mel—l) G.11)
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Using (3.11) and the Cauchy estimates for the Taylor coefficients of f, we
obtain

a” .. S k| A7k
X AP Pl

m+k—1)! x
< CCm(m!y §=j (—mr(k——T)?—(ARf“) (3.12)

Setting £ = AR, ™' gives

a” ° < mo & _d~m_ m+k—1
s coms S, g

SN L i - &rm!
A e '553( )(T_’???
e
=cf1_£(1_ )( Y m (3.13)

The typical situation in which we shall apply Lemma 1 is When A is
very small and R, and C; are O(l). As an example take 7 =€~ — 1 and
fw)y=—u/(u+ 1) R;=1/2, C;=1. Then Lemma 1 together with (3.6)
give

A o] <2 =5 )
'dx'" " '\1—2En "\ 1-2E, '
<3E,(2C,)"(m!y (3.14)
Let z=L “¢+z for i=1, L%/2 and z,=L Y% —:
for i=L9/2+1, , L. Denote by dy (z) the Gaussian measure

exp[—(1/2)y 2> a’Z/(ZW}')]/2 Define

gi(®)= [ H G/ [ T H &) di(z) (319

where #, is related to the Boltzmann factor g, by (3.4). Comparison with
the renormalization group recursion (2.17) gives

gue1($) = exp[ = (1/2)L7%(e, = 1)6*] g1.01(9) (3.16)

In order to estimate the mth derivative with respect to A for m > 0, we
shall make use of the following integration-by-parts identity:

n fF(Z)due (2) = (ddk \ )f d(z) n-1(2)  (3.17)
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Applying (3.17) to the numerator of the right-hand side of (3.15), which we
denote by A(¢), one obtains

1 a“«i 1)
@)= 3 H(— o)L
I\ D 1450 f 2 5z ;
(Unoms 1a >0

it

8}\'1“ gn(zi)} du‘i,f'(z)
(3.18)

with (7.}, {1,} disjoint, (1)U (U.L,) = {1, ..., m} and we should con-

sider the collection (/;) as ordered and {/,} as unordered.
We shall analyze (3.18) separately for small and for large values of ¢.

Small Fields

Insert into (3.18) the partition of unity 1 = x(z) + x ~(z), where x is the
characteristic function of the set {z:|z| < e(ny + n)*} for some small fixed
€>0. Let us take [¢| < LY%(1 = 2e)(ny+ n + 1)>. With the use of the
bound (3.7) and Lemma 1 with f(u)=e"—1, R =1, we obtain the
following estimate for z in the support of x, [{| < ny+ n, and |[| >0

(L™ = 2, + {| < (ng+ n)):
e,

gl
‘ - M 1 - M

gn(zi + g')

AN
< 29,Cm(m!)? (3.19)

where we shall denote by C, different constants increasing in the process of
estimation but always bounded by C,(1+ (n,+ n+ 1)"*%=C,,,. For
|| = 0, we have

[£.(zi+ §)[ < e (3:20)
Thus

< I (mciann I ev) @2y

i:]L]>0 ic|

H ax'” E(z+ 1)

Using the Cauchy formula to estimate 3% /3z%, (3.21) and (3.6), we may
bound the integrand P on the right-hand side of (3.18) for z in the support
of z:

PL<[ My mckany?|| T ncinn?]

i:|L>0

><( 1T e"n)(zl)!(n0+n)"2/ (3.22)

it|f]=0
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If all || = 0, we may obtain additional factor L%, using |][,5,(z, + ) — 1|
< L%, J],e™ (remember that we consider m > 0 case).

Let us insert (3.22) to the part 4/,(¢) of (3.18) obtained by restricting
the z integration to the support of x{(z). Let us also order the collection {1, )}
and resum all (1), (1) with given |I,| = m; and |I,| = m,. We obtain

@< Gr S m__ 2 G
" ? (m,),(mgy) Hz'mi!Hama! z’!(n0+ i”l)zl
m; 20, my >0
zlml+zﬂmﬂ=’n

(T 2mmty)( I en)Tom(Lin) (323)

im> iom=

where the last factor L%, appears only in the terms with all m, = 0.

We shall estimate first the sum over terms with at least one m; > 0.
Call it the Ist part. To fight with the additional 2/!//! < 4! we shall use
the following easy estimate:

<1 (3.24)

Thus
!
d 2E,
Ist part < C""(M‘)Z( O I
(my-m>0 | (ot 1)
(Mot M >0
SmitYmy=m
L4,
3nnC/m(m[)Zz )(zn)(j 1)/2)-2
=1

L
J
((”0+”) )

d
3nnclm(m| )2 Z )(27)")(J /2
il

L
J
1451
( (1o + n) ) (32)

(
XZ ]+1—1)
(
)

o om—1
; j+i—1
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where we have used

3 2F

my L 3 Vreg 7
s (3:26)
Now
m—j I+j=1 w1 !
So\J+ 1= 1)\ (noy+ n) =0\ ! (1o + n)
=1+ 2£, " 3.27
(rg+ n )2 (27)
So
2§ Lo \G-1/2 26, "
Ist part < 39, C,"(m! ( i ) 29\ 1+ —"—
(72 1) N
m—1
4F
<3L%,Cmm! Y 1+ O(n)/? +
77; n ( ) [ (7’ )] (n0+ n)2
<3L%,C(ml)? (3.28)

where of course in the last step C; increased slightly again.
For the 2nd part of the right-hand side of (3.23) containing terms with
all m; = 0, we obtain

!

2F
2nd part| < L%, e ™C/"(m! ("‘1) Tt
I p | M€ ( ) 2 ] —1 (no + n)z
m—1 !
< _25”__ C’m(mV) 2 ( ) __3’3_
(no + n) / (no + n)z
2E, .
0
Putting (3.28) and (3.29) together, we obtain
|7 (#)] < 3L%,C"(m!)? 3.30
. (3:30)

Next, we shall estimate the contribution 4”(¢) to (3.18) from the
integration over the support of x*(z). All the time for |¢| < LY} — 2¢)
(ng+ n+ 1)? and [¢| < ny + n but for |z| > €(ny + n)

o
oAl

where we have used (3.5). Using again the Cauchy formula, we found the

i Bz + §)| < CH(IL] et ST (3.31)
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integrand P on the right-hand side of (3.18):
21<[ T3 B Gy || TTEr sy |

X exp(K, |6 + 2L%,2% + 2L%, |5 ) (3.32)
Now

exp(xn|¢|2)fxL(z)exp(ZLdanz) dp-1(z)

= exp(k,|oP) [ x1(z Lo —ard 2] —d2
=ex(slof) [ic Gro] 5 (41027

< exp[KnLd(l - 25)2(110 +n+ 1)4 - %ez(no + n)4}
< exp[ - %ez(n0 + n)4] (3.33)

where in the last step we have used the smallness of k,. Hence we may
estimate |h”(¢)| by, e.g., the right-hand side of (3.23) multiplied by
exp[ — (1/10)e*(ny + n)*]. As a result,

" m 1
|k (9)| < 3L%,C, (m!)zexp[ ~ 15€ 0+ n)“} (3.34)
Putting (3.30) and (3.35) together, we obtain
8"h () N
g | < 3L, C(mty? (3.35)

It is easy to see that (3.35) holds also for m =0 if we replace h(p) by
h(¢) — 1 (in fact, this case was already considered in Ref. 15). Thus

< 3L%,Cm(m!y (3.36)

Ld
a” 5
v | f 1L 2z dn () - 1}

Once more we shall apply Lemma 1, this time for f(u)=log(l + u),
R;=1/2, and obtain

log2 P G, " 2
——6L%,| ———— m!
1 L (1—6 ()

Ld
g .
v log f 1L &) i) < T L,

< 6L%,Crm(m!y (3.37)
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By the very definition of §,, |, we have

Gy 1(P) = ‘Ing H Za(2:) du-1(2)
+ logf H £.(2)du-1(2)

2
+a 5%5 r¢=0[10gfI’1 Z.(z)de 1 (2) |62 (3.38)

In order to obtain the final bound for (3”/9A")5,, ,(¢), we apply the'
contraction lemma used many times in Ref. 15.

Lemma 2. Let v(¢) be analytic for |¢| < R and let |v(¢)| be bounded
in the same region by the constant C. Then for [¢| < r < R

0(9) ~ 2 k,¢ = ()l I_r/R( LY (339

Indeed, define
S 1 d
w =9 — — ¢ —=—10(0 3.40
@)= 0@) = 2 779" 5700 (3-40)

Then by the Cauchy formula,

¢ n+1 1
- ——d 3.41
W)= 2mi f§|=R—eD(§)(§) {—¢ ¢ 40
and (3.39) follows immediately.
Taking the mth derivative over A of (3.39), m=0,1, ..., and using
(3.38) and Lemma 2, we obtain for |¢| < (ny + n + 1)
3", -4
_ TIANYS d/2 1-2 1 C/m m!
, A" <[L7-29) 1—L—d/2/(1—2e) (mt)’

< My G (m! ) (3.42)

which implies (3.7) for n + 1.
Similarly, denoting

2
de, () = _Ldé%; r¢=0[logfn £.(2) du-1(z) (3.43)
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and using the Cauchy formula, we obtain

.3%\";66"+, < 12L%, (L1 = 2€)(ny + n + 1)) "C(m!)?
7,C,m(m! )’ (3-44)
From (3.43), (3.16), and (3.15), we infer that
€,.,=¢€,+ 0, (3.45)
or
e=e¢ !l + e;'[(l + ¢ '06,,,) — 1} (3.46)
Now, form =0,1,2, ..
Id}\m n ]8€n+1
am . - dan
<‘ d}\m (En : 1)6€n+1 d}\m 8€n+l
< (m\| d’ - danr 12
<p§0(1p)l d}\p( 1) axm— p8€n+l +nnCn (m)
< En,C." Z m! pl(m — p)l+n,Cm(m!)’ < (m + 2)m,C(m!y
=0
(3.47)
But
toca® 3.48
" S eloga (3.48)
fora>1. Takea =1+ (n0 + n)~2. Thus
5 8¢, 1| < m2PCm(m! Y (3.49)
Applying again Lemma 1, we obtain
a" - -1 m
‘5}\—"1 [(1 + e 16, ,)  — 1“ < 3m3Cym(m! Y (3.50)
Repetition of the argument of (3.48) gives now
! e, [(1 + 6786, 1) ” < Ey(ng+n+ 172 (mt Y (3.51)

(3.52) and (3.6) of (B,) give (3.6) for n+ 1 and complete the inductive
proof of (B, )
Large Fields

We are left with the proof of (4, ), given (4,), (B,,). First, notice that
for |¢| < (g + n+ 1)% 18,4 ($)/¢* < n,41(no + n+ 1)7® by the maximum
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principle and (3.43), so that

- i K 2
M| P | <y | <k,
| 1(D)] < My (n0+n+l)2 M+ 1 (n0+n+1)2 4101
(3.52)
and
| Gura(9)] < emrl®l (3.53)

Similarly, using Lemma 1 and (3.43), we obtain for m = 1,2, . ..
am ~ r\m m Ky | 2
IW gn+1(¢)l <2, (G (MY < Cy(ml e 9 (3.54)

So we are left only with proving (3.5) for n 4+ 1 and |Ime¢| < ny+ n + 1,
|¢| > ny+ n+ 1. We shall estimate [0”h(¢)/9A™| first. Notice that the
integrand on the right-hand side of (3.18) is bounded as in (3.32), but now

exp(:cnlqbl2 + 2Ldic,,|§[2) < exp{x,{l + %(no +n+ 1)‘3/2}@[2}
X exp[ 3K, (Hg+ 1+ 1)5/2 + 2 L%, (ny + n)z]

< CXp(K,’,+1]¢|2)eXp[ — 1k, (g +n+ 1)5/2] (3.55)

Estimating the sums of (3.18) as before using now the extra strength coming
from the last factor on the right of (3.56), we obtain

0"h (o) )
o < G"(m! )2exp(icn+lf¢lz)exp[ - —é—icn(no +n+ 1)5/2} (3.56)
form=0,1,... and |¢| > (ny+ n + 1)%, |]Im¢| < ny+ n + 1. But
Zor1(9) = h(¢)exp( L™ B¢, ,6)h(0) ™ (3.57)

Let us estimate using (3.45)

l N exp( d6€n+1¢ )

d I7,)
H d (%L“d&nﬂ‘i’z)

Uohey  a=t1] OA

N
\d

< 3 [H L0 G (ot Viof exp( 5 L n o
(Ml =1, my >0 Hm 1l a

Smy=m o

(3.58)
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Using the inequality (1 L™}/%o[) < [1exp(1 L™ %} /?¢|*), we obtain (m
—1,2,...)

am

1 m < (m—
NG exp( 5 L™ %€, , ¢ ) < C, (m!)zexp(ﬂnl/zwz) ; (n;_ i )77;1[/2

< e m (1 = )" exp(n) o)
< Cm(m! ) exp(ny o) (3.59)

which holds also for m = 0. Finally, using (3.37) and Lemma 1, we may
write

o™ - m
)Wh(O) ‘,< 2C;"(m!Y? (3.60)
form=20,1, ... .Equations (3.57), (3.56), (3.59), and (3.60), give
9"
( w gn+1(¢)(
< 2exp[— —é—K”(no +n+ 1)5/2}Cn’mexp[( ot n‘/2)|¢|2}

X S (ALY ALY

et
< 2(’" N 2)exp[— -}gxn(no + o+ 1)5/2}c,;m(m! Yexp(,,1lol?)  (3.61)
Absorbing ("3?) into increase of C; with the use of (3.48), we obtain
|3 Bra(9)] < Cis(mtexp (s, l0P) (3.62)

for |Im ¢| < (ny + n + 1)% |¢| > (ny + n + 1)> which was the missing part of
(3.5) of (4,,, ;). This completes the proof of Proposition 1. W

4. PROOF OF THE MAIN RESULT

First we have to show that v(¢) = A¢* satisfies (4,), (Bg) with k, small,
ng and C, sufficiently large and R sufficiently small. In fact,
07 oot

am, — A HI/Z 212m|  —Ap?
Lo < lotme M < (L) ey g

1 m — 121812 _ A
<@m)! (g Co) @M e @1
Setting A = A; + i\, ¢ = ¢, + ip,, wWe obtain
"Re[(}‘l + A (¢ + i¢2)41 =~ Ny + 4dio,
+ 6}‘1¢12¢§ - 4>\2¢1¢§ - >‘1¢§ (4'2)
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For Re(1/A) > 1/R, A, >0, A, /(A? + A\2) > 1 /R, taking also |¢,| < n2, we
see that
6X19703 — WAy 03 — 193 < 6A (67 + 93)03 + 4\, | [0,0,]03
< 6Rng(97 + ¢3) + 2Rng|o,)|
< 7Rn3(¢,2 + ¢§) = 7Rng|o|* (4.3)
Combination of (4.1)-(4.3) gives

—Agt < C(;n(m!)26(2C0_|/2+7Rn8)]¢c|2 (44)

am
) aA’ nt e
We shall take C, big enough so that C; '/? <1k, and then R < rgng* to
obtain

’ e “*‘i"‘l < CJ(m! el (4.5)

Taking Cy > n§8 ™ and R < C; 'ny *8™, we also obtain

8"C(m! ) (4.6)

™ 4
aA n Agb
for || < ng.

This establishes (4,), (B,) for v(¢) = A¢*. So also (4,), (B,) hold for all
n. Since by Vitali’s theorem ¢, — €, uniformly on Cg, (3.14) gives

b}\—"; (€ — 1)' <2EL(2C,)"(m!)? (4.7)

As far as the free energy density is concerned, notice that

1 d
logfexp[ — L%, (z) - Ezz} (277;/2

= logfexp[ ~ L%, (2) | dp1(2) + %logen”l (4.8)

The A derivatives of the first term on the right-hand side of (4.8) are
bounded by (3.38). For the second term, we get using Lemma 1 and (3.6):

1

" loge, || < 2E,,2C, )" (m! Y’ (4.9)

8>\’”
By (2.20), f,, exists, is analytic on Cy, and satisfies

’ e fw’ <2E,(2C,)"(m! ) (4.10)

It is easy to see that from the uniform bounds (4.7) and (4.10) in Cj it
follows that €., and f,, can be continued to Cy to a C* function. But from.
our renormalization group analysis, we infer that e_, and f, are continuous
(hence C*) at A = +0. Now (2.22) and (2.23) easily follow for e, and [,
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from the Taylor expansion with remainder and (4.7) and (4.10) and yield
by N-S theorem our main result.
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